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In the present work we study the propagation of a probe minimally coupled scalar field in Einstein-
power-Maxwell charged black hole background in (1+2) dimensions. We find analytical expressions
for the reflection coefficient as well as for the absorption cross-section in the low energy regime,
and we show graphically their behaviour as functions of the frequency for several values of the free
parameters of the theory.
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I. INTRODUCTION
Hawking radiation [1, 2] is one of the most fascinating
aspects of theoretical physics, since it is a manifestation
of a quantum effect in curved spacetime, and as such it
has always attracted a special interest in the community,
although it has not been detected in the Universe yet.
Black holes (BHs), a generic prediction of Einstein’s Gen-
eral Relativity, are objects of paramount importance to
gravitational theories, and excellent laboratories to study
and understand various aspects of classical and quantum
gravity.
Of particular interest is the so called greybody fac-
tor, or else the absorption cross section, which is a fre-
quency dependent factor that measures the modification
of the original black body radiation, and thus gives us
valuable information about the near-horizon structure of
black holes [3]. Consequently, in the literature exist many
works in which the authors have studied the propaga-
tion and relativistic scattering of probe fields in different
gravitational backgrounds, and have analysed the corre-
sponding greybody factors, either in asymptotically flat
spacetimes or in asymptotically non-flat spacetimes with
a non-vanishing cosmological constant. For a partial list
see e.g. [4–20] and references therein.
Gravity in (1+2) dimensions is special and it has at-
tracted a lot of attention due to the absence of propagat-
ing degrees of freedom, and also due to its deep connec-
tion to a Yang-Mills theory with the Chern-Simons term
only [21–23]. Since three-dimensional BHs have thermo-
dynamic properties closely analogous to those of four-
dimensional black holes [24], one may get some insight
into realistic BHs studying a simpler system.
Non-linear electrodynamics in various contexts is quite
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interesting for several different reasons. For example, the
Born-Infeld non-linear electrodynamics was originally in-
troduced in the 30’s in order to obtain a finite self-energy
of point-like charges [25]. Interestingly enough, during
the last decades this type of action reappears in the open
sector of superstring theories [26, 27] as it describes the
dynamics of D-branes [28, 29]. What is more, straight-
forward generalization of Maxwells theory leads to the so
called Einstein-power-Maxwell (EpM) theory described
by a Lagrangian density of the form L(F ) = F k, where
F is the Maxwell invariant, and k is an arbitrary rational
number. Clearly the special value k = 1 corresponds to
linear electrodynamics.
Currently, this class of non-linear electrodynamics has
been receiving attention in several contexts [30–34]. The
reason why studying such a class of theories is inter-
esting lies on the fact that Maxwell’s theory in higher
dimensions is not conformally invariant, while in a D-
dimensional spacetime the electromagnetic stress-energy
tensor is traceless if the power k is chosen to be k = D/4.
Therefore in four dimensions the linear theory is confor-
mally invariant, and this corresponds of course to the
standard Maxwell’s theory. In a three-dimensional space-
time, however, if k = 1 the theory is linear but the elec-
tromagnetic stress-energy tensor is not traceless, whereas
if k = 3/4 the theory is conformally invariant but non-
linear. Black hole solutions in (1+2)-dimensional and
higher-dimensional EpM theories have been obtained in
[35] and [36] respectively, and the greybody factor for the
(1+2)-dimensional case with a non-vanishing cosmologi-
cal constant was studied in [14] for k = 2/3.
In the present article we wish to analyse the prop-
agation of a probe canonical massless scalar field into
a three-dimensional gravitational spacetime, and obtain
analytical expressions for the reflection coefficient and
the corresponding greybody factor. Our work is orga-
nized as follows: After this Introduction, we present the
theory and the corresponding black hole solution as well
as the scalar wave equation in the next Section. In Sec-
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2tion III we obtain approximate analytical expressions for
the reflection coefficient as well as for the greybody fac-
tor valid at low frequencies, and we also briefly discuss
our numerical results. Finally, we conclude our work in
Section IV.
II. THE BACKGROUND AND THE SCALAR
WAVE EQUATION
A. The theory and the black hole solutions
We consider the theory in (1+2) dimensions described
by the action
S[gµν ] =
∫
d3x
√−g
[
1
2κ
R− (FµνFµν)k
]
(1)
where κ ≡ 8piG with G being Newton’s constant is the
gravitational constant, k is an arbitrary rational number,
R is the Ricci scalar, g the determinant of the metric,
and Fµν the electromagnetic field strength. Varying the
action with respect to the metric and the gauge field Aµ
one obtains the field equations [35, 36]
Gµν = 4κα
[
kFµρF
ρ
ν F
k−1 − 1
4
gµνF
k
]
(2)
0 = ∂µ(
√−gFµνF k−1) (3)
where F ≡ FµνFµν is the Maxwell invariant, while Gµν is
the Einstein tensor. We seek spherically static solutions
of the form
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dφ2 (4)
where the metric function is found to be [35, 36]
f(r) = −M − 1
2
pi
(2k − 1)2
(k − 1) Q
2kr
2(k−1)
2k−1 (5)
where M,Q are the mass and the electric charge of the
black hole respectively. In the following we will study the
propagation of a probe canonical massless scalar field into
a given gravitational background with k = 3/4. For this
value the metric function becomes
f(r) = −M + q
r
(6)
where q is defined to be q = piQ3/2/2 , and the single
event horizon is given by rH = q/M . Then the metric
function takes the form
f(r) = −M
(
1− rH
r
)
(7)
We use natural units such that c = 8G = ~ = 1 and
metric signature (−,+,+).
B. The scalar wave equation
Next we consider in the above gravitational back-
ground a probe minimally coupled massless scalar field
with equation of motion
1√−g ∂µ(
√−ggµν∂ν)Φ = 0 (8)
Using the standard ansatz
Φ(t, r, φ) = eiωtR(r)eimφ (9)
where ω is the frequency and m is the quantum number
of angular momentum, we obtain an ordinary differential
equation for the radial part
R′′ +
(
1
r
+
f ′
f
)
R′ +
(
ω2
f2
− m
2
r2f
)
R = 0 (10)
where the prime denotes differentiation with respect to
radial distance r. To see the effective potential barrier
that the scalar field feels we define new variables as fol-
lows
R =
ψ√
r
(11)
x =
∫
dr
f(r)
(12)
where we are using the so-called tortoise coordinate x,
given approximately by
x ' −rH
M
ln(r − rH) (13)
close to the horizon, and we recast the equation for the
radial part into a Schro¨dinger-like equation of the form
d2ψ
dx2
+ (ω2 − V (x))ψ = 0 (14)
Therefore we obtain for the effective potential barrier the
expression
V (r) = f(r)
(
m2
r2
+
f ′(r)
2r
− f(r)
4r2
)
(15)
Since the effective potential barrier vanishes at the hori-
zon, close to the horizon ω2  V (x), and the solution for
the Schro¨dinger-like equation is given by
ψ(x) = A−e−iωx +A+eiωx (16)
Requiring purely ingoing solution [3, 13, 14] we set A− =
0 in the following. The effective potential as a function
of the the tortoise coordinate is shown in Fig. 1 below.
We have considered three different parameter pairs as
follows (M = 1, Q = 0.33), (M = 1.1, Q = 0.35) and
(M = 1.2, Q = 0.37). In all three cases the horizon takes
the same value rH = 0.3. We can see that the effective
potential has a nice gaussian–like shape, as expected for
asymptotically flat spacetimes. In addition, the location
of the maximum as well as the the height of the potential
depend on the values of the mass and the charge of the
black hole.
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FIG. 1: The effective potential as a function of the tortoise
coordinate V (x) assuming m = 0 for three different cases:
i) M = 1.0 and Q = 0.33 (solid black line), ii) M = 1.1
and Q = 0.35 (short dashed red line) and iii) M = 1.2 and
Q = 0.37 (long dashed blue line).
III. ABSORPTION CROSS SECTION IN THE
LOW ENERGY REGIME
In this section we solve the radial differential equation
analytically. Since exact solutions hardly exist, we find
an approximate solution valid in the low energy regime
following a standard procedure described in [37]. It con-
sists of solving the radial equation in the far-field and
in the near-horizon regions, and then matching the solu-
tions in the intermediate region.
A. Solution in the far-zone regime
When r  rH the metric function f(r) → −M , and
thus the radial equation takes the form
R′′ +
1
r
R′ +
(
ω2
M2
+
m2
Mr2
)
R = 0 (17)
which can be recast into the Bessel equation of order
n = iν [38], with ν = |m|/√M , and therefore the general
solution is given by
RFF (r) = B+Jiν
(ωr
M
)
+B−Yiν
(ωr
M
)
(18)
where B+, B− are two arbitrary coefficients. In the limit
ωr/M → ∞ the Bessel functions behave asymptotically
as plane waves [38], and thus the solution in the far-field
region takes the form
RFF (r) ' B+ − iB−√
2piωr/M
ei(ωr/M−
pi
4 )epiν/2 +
B+ + iB−√
2piωr/M
e−i(ωr/M−
pi
4 )e−piν/2
(19)
and which leads to the following expression for the reflec-
tion coefficient
R =
∣∣∣∣B+ − iB−B+ + iB− epiν
∣∣∣∣2 (20)
or defining the ratio B˜ ≡ B+/B−, to be determined
later on upon matching the solutions in the intermedi-
ate regime,
R =
∣∣∣∣∣ B˜ − iB˜ + iepiν
∣∣∣∣∣
2
(21)
and finally we obtain the absorption cross section using
the three-dimensional optical theorem relation [3, 13, 39]
σm(ω) =
1
ω
(1−R) = 1
ω
1− ∣∣∣∣∣ B˜ − iB˜ + iepiν
∣∣∣∣∣
2
 (22)
B. Solution in the near-horizon regime
We define a new dimensionless parameter as follows
[14]
z = 1− rH
r
(23)
that takes values in the range 0 < z < 1. In the near-
horizon regime z → 0 the radial differential equation with
respect to z becomes
z(1− z)Rzz + (2− z)Rz +
(
A
z
+
B
−1 + z
)
R = 0 (24)
where the constants A,B are given by
A =
ω2r2H
M2
(25)
B = −
(
ω2r2H
M2
+
m2
M
)
(26)
To get rid of the poles we set
R(z) = zα(1− z)βF (z) (27)
where now the few function F (z) satisfies the following
differential equation
z(1− z)Fzz + [1 + 2α− (2 + 2α+ 2β)z]Fz
+
(
A¯
z
+
B¯
−1 + z − C
)
F = 0 (28)
and the new constants are given by
A¯ = A+ α2 (29)
B¯ = B − β2 (30)
C = (α+ β)2 + α+ β (31)
Demanding that A¯ = 0 = B¯ we obtain the Gauss’ hyper-
geometric equation
z(1− z)Fzz + [c− (1 + a+ b)z]Fz − abF = 0 (32)
4and we determine the parameters α, β as follows
α = ±iωrH
M
(33)
β = ±i
√
ω2r2H
M2
+
m2
M
(34)
Finally the three parameters of Gauss’ equation are given
by
c = 1 + 2α (35)
a = α+ β + 1 (36)
b = α+ β (37)
Note that the parameters a, b, c satisfy the condition c−
a−b = −2β. Therefore the general solution for the radial
part in the near-horizon region is given by
RNH(z) = z
α(1− z)β[C1F (a, b; c; z) +
C2z
1−cF (a− c+ 1, b− c+ 1; 2− c; z)] (38)
where C1, C2 are two arbitrary coefficients, and the hy-
pergeometric function can be expanded in a Taylor series
[38] as follows
F (a, b; c; z) = 1 +
ab
c
z + ... (39)
To recover the purely ingoing solution in the near-horizon
regime we choose for α the minus sign and we set C2 = 0,
while for β without loss of generality we choose the plus
sign. Therefore the solution becomes
RNH(z) = Dz
α(1− z)βF (a, b; c; z) (40)
where we have replaced C1 by D.
C. Matching of the solutions
In this final step we stretch the solutions RFF (r) in the
far-field region r  rH and RNH(z) in the near-horizon
region z → 0 to match them in the intermediate region.
On the one hand, the RFF (r) expressed in terms of the
Bessel functions in the limit ωr  1 becomes [38]
RFF (r) ' B+
Γ(1 + iν)
( ωr
2M
)iν
− B−Γ(iν)
pi
( ωr
2M
)−iν
(41)
On the other hand, first we use the transformation for-
mula [38]
F (a, b; c; z) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) ×
F (a, b; a+ b− c+ 1; 1− z) +
(1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
×
F (c− a, c− b; c− a− b+ 1; 1− z)
(42)
and therefore the near-horizon solution as z → 1 reads
RNH(z → 1) = D(1− z)
βΓ(1 + 2α)Γ(−2β)
Γ(α− β)Γ(1 + α− β) +
D(1− z)−βΓ(1 + 2α)Γ(2β)
Γ(1 + α+ β)Γ(α+ β)
(43)
Since 1− z = rH/r and in the low energy regime β ' iν,
matching the two solutions we obtain the ratio B+B− = B˜
B˜ =
[
2M
ωrH
]2iν
Γ(2β)Γ(α− β)Γ(1 + α− β)νΓ(iν)2
ipiΓ(−2β)Γ(1 + α+ β)Γ(α+ β)
(44)
This is the main result of the present article. This for-
mula allows us to compute the reflection coefficient using
eq. (21) and the greybody factor using eq. (22).
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FIG. 2: The reflection coefficient R as a function of the fre-
quency ω assuming m = 1 for three different cases as follows
(from bottom to top): i) M = 140 and Q = 9.22× 104 (solid
red line), ii) M = 145 and Q = 9.02× 104 (dashed blue line)
and iii) M = 150 and Q = 8.82× 104 (dotted green line).
D. Brief discussion of the results
Next we plot the coefficient of reflection R and the
greybody factor σm versus frequency ω in Figures 2 and
3 respectively. First R versus ω for m = 1 and three
different (M,Q) pairs is shown in Fig. 2. The black
hole mass is chosen such that M  1 where the semi-
classical approximation is valid. The reflection coefficient
starts from 1 and decreases monotonically to zero as it
should. From general principles we know that eventually
it tends to zero. Here, however, we are not allow to plot
it up to higher values of the frequency since the formula
we have obtained can be trusted only in the low energy
regime where the term m2/M dominates over (ωrH/M)
2.
Furthermore, we observe that increasing the mass M and
lowering the charge Q of the black hole the curves are
shifted upwards.
5The greybody factor σm as a function of ω for m = 1
and for the same 3 different (M,Q) pairs is shown in
Fig. 3. We observe that the cross section starts from
zero (as it is expected for any non-vanishing quantum
number of angular momentum) and increases with ω un-
til it reaches a maximum, and then it decreases mono-
tonically tending to zero as it is expected from general
principles. However, given that our expression can be
trusted only in the low energy regime, we are not al-
lowed to plot it versus the energy up to higher values,
and like Fig. 2 we have restricted ourselves to the range
in which m2/M > (ωrH/M)
2. In addition, increasing
the mass and lowering the charge the curves are shifted
downwards.
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FIG. 3: The greybody factor σm as a function of the fre-
quency ω assuming m = 1 for three different cases as follows:
(from top to bottom) i) M = 140 and Q = 9.22 × 104 (solid
red line), ii) M = 145 and Q = 9.02× 104 (dashed blue line)
and iii) M = 150 and Q = 8.82× 104 (dotted green line).
IV. CONCLUSIONS
In this article we have studied the propagation of a
probe minimally coupled massless scalar field in a three-
dimensional Einstein-power-Maxwell charged black hole
spacetime. We have considered spherically symmetric
static backgrounds that are characterized by two free pa-
rameters related to the mass and the charge of the black
hole. Applying standard techniques first we recast the ra-
dial part of the scalar wave equation into a Schro¨dinger-
like equation, and we read off the effective potential bar-
rier. Then we solve the radial differential equation in
the far-zone regime, in the near horizon regime, and we
finally stretch the solutions to match them in the inter-
mediate regime. Finally, the dependence of the reflection
coefficient as well as of the greybody factor on the pa-
rameters of the theory is discussed.
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